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NATIONAL AERONAUTICS AND SPACE ADNINISTRATION 

TECH3fICAL NOTE D-306 

A SIMPLIFIED STUDY ON THE NOIEQUILIBRIUM COUETTE 

AND BOUNDARY-LAYE3 FLOWS WITH AIR I N J 3 C T I O N  

By Paul M. Chung 

SUMMARY 

A theo re t i ca l  study w a s  made on the simultaneous e f f e c t  of the  f i n i t e  
r a t e  of recombination of oxygen atoms and the  f l u i d  in jec t ion  on the heat  
t r ans fe r  t o  a f l a t  surface. 

The Couette flow model w a s  analyzed f i r s t ,  and then the  steady l ami -  
nar boundary layer  over a f l a t  p la te  was studied by Rayleigh’s analogy. 

The following two major approximations were made i n  order t o  obtain 
some qual i ta t ive  information on the subject without excessive numerical 
calculations . 

1. All the  property values except temperature and atom m a s s  f r ac t ion  
were considered t o  be constant. 

2. A spec ia l  l i nea r  approximation of the  homogeneous react ion r a t e  
law was employed. 

It was found tha t  the surface ca ta ly t ic  recombination is  more impor- 
t a n t  than the gas-phase recombination, when they are of the  saxe order 
of magnitude, as f a r  as t h e i r  e f fec ts  on the heat t r ans fe r  i s  concerned. 

For a boundary layer  developing from the  leading edge of a f i n i t e  
p la te ,  the  e f f ec t  of the  gas-phase recombination i s  t o  increase the heat 
t r ans fe r  t o  the  p la te  about one-third of the  way, a t  the most, toward the  
equilibrium value from the frozen case. The calculat ion was based on the  
condition of air a t  the edge of the  boundary layer  approximately corre- 
sponding t o  t h a t  a t  a f l a t  afterbody of a blunt  nosed hypersonic vehicle.  

The Couette flow analysis showed t h a t  the  major ro le  of the f l u i d  
in jec t ion  i s  t o  shield the  surface from the conduction of the  sensible 
heat and from the diffusion of the  atoms t o  the  surface r a the r  than t o  
a f f ec t  the chemical reactions except when the spec i f ic  react ion r a t e s  
are  su f f i c i en t ly  low. 

The in jec t ion  of f l u i d  in to  a boundary layer  was found t o  decrease 
the e f f e c t  of the gas-phase reaction on the  heat t r ans fe r  f o r  a given 
relaxat ion time and f o r  a given posit ion along the  surface. 
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INTRODUCTION 

L 

The air surrounding a vehicle i n  hypersonic f l i g h t  usual ly  contains 
a considerable amount of dissociated rad ica ls  which a re  created by the  
strong shock preceding the  vehicle o r  by the  extremely high f r i c t i o n  i n  
the boundary layer .  
surface of the vehicle. 
stream, i n  the boundary layer ,  o r  at the  surface of the  vehicle.  
of these recombination phenomena can cause a considerable var ia t ion  i n  
the  heat t r ans fe r  t o  the  vehicle.  

These radicals  recombine as they flow along the  
The recombination may occur i n  the inviscid 

Any one 

Much study has been car r ied  out on the subject  of f l u i d  mechanics 
with dissociation and recombination phenomena and a r a the r  complete 
r e s u d  of the  work appears i n  reference 1. 

A 
3 

In  most of the previous s tudies ,  the  processes of dissociat ion and 
recombination were considered t o  occur a t  m extremely fast  rate, s o  t h a t  
the  air  was loca l ly  i n  an equilibrium s t a t e .  Such a consideration sim- 
p l i f i e s  the work great ly .  It is known, however, t h a t  t he  chemical 
reactions of dissociat ion and recombination occur a t  t he  extremely f a s t  
rate only f o r  a very l imited range of f l i g h t  conditions and locations 
along the surface. The reactions more l i k e l y  take place a t  a f i n i t e  
rate and the  a i r  is i n  a nonequilibrium state. * 

3 
6 

In  high-speed f l i g h t ,  some form of m a s s  in jec t ion  cooling of the  
boundary layer has been generally recognized as an e f f ec t ive  and a 
prac t ica l  method of protecting the  vehicle from the  surrounding high- 
energy gas. 
boundary layer  has been studied ra ther  thoroughly. The problem of f l u i d  
inject ion in to  a boundary layer  which i s  chemically react ing at a f i n i t e  
r a t e  has not previously been studied. 

The problem of f l u i d  in jec t ion  in to  a chemically i n e r t  

The major obstacle t o  the  theo re t i ca l  study of the  nonequilibrium, 
chemically react ing boundary layer  l ies  i n  the extremely complicated 
nature of t he  equations which describe such phenomena. 

It i s  the  main object  of the  present study t o  gain qua l i ta t ive  
information on the  combined e f f e c t  of nonequilibrium dissociat ion,  recom- 
bination, and a i r  in jec t ion  f o r  a laminar boundary layer .  

The Couette flow model i s  considered f i r s t .  The steady boundary- 
layer  f l o w  on a f l a t  p la te  i s  then studied by Rayleigh's analogy. During 
the  course of the analysis,  the  appropriate equations are simplified,  by 
a se r i e s  of approximations, so t h a t  they could be solved without exces- 
s ive  numerical work. * 

w 
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SYMBOLS 

A 
3 
3 
6 

i 

C number of oxygen atoms, f r e e  or combined, per un i t  mass of f l u i d  

constant pressure spec i f ic  heat of mixture 

constant pressure spec i f i c  heat of i t h  species p i  C 

D binary d i f fus ion  coef f ic ien t  

E Eckert number, lJm2 

cp(Tc0 - Tw) 

h 

&lo 

K, 

kD 

kR 

kW 

L 

Le 

m 

mA 

NA 

n 

Nu 

NUL 

enthalpy defined by equations ( 5 )  and (6a) 

heat of d i ssoc ia t ion  of oxygen measured a t  a reference temperature 

equilibrium cons tmt  

spec i f i c  r a t e  constant f o r  dissociat ion 

spec i f ic  r a t e  constant f o r  recombination 

spec i f ic  r a t e  constant f o r  ca t a ly t i c  surface recombination 

distance between two p la tes  i n  Couette flow 

Pr Lewis  number, - 
sc  

mA - 
mA,cO 

f r ac t ion  of t o t a l  oxygen atoms i n  atomic form 

number of atoms produced per uni t  volume per u n i t  time 

mass per oxygen atom 

Nusselt number based on x, qx 

Nusselt number based on L, ",L 

ma2 - Tw) 

VT,  - Tw) 
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0 

0, 

P 

Pr 

r 

sc  

T 

t 

U 

U 

v 

W i  

X i  

x 

Y 

Y 

Z 

number density cf cxy-geii atoms 

number density of oxygen molecules 

t o t a l  number densi ty  i n  the mixture 

Prandt l  number, - A 

e f fec t ive  Prandt l  number defined by equation (47%) 

pressure 

t o t a l  heat t r a n s f e r  t o  the w a l l  

w Reynolds number, y 

independent var iable  used i n  equation (Bl) 

Schmidt number, - 
absolute temperature 

time 

P 
Pa 

A 
3 

. 
4 

U dimensionless x component of veloci ty ,  - u, 
x component of ve loc i ty  

y component of veloci ty  

constant f o r  f l u i d  in jec t ion  parameter 

net mass production r a t e  of i t h  species per un i t  volume 

mass f r ac t ion  of i t h  species 

direct ion and dis tance along surface 

Y 
E 
direct ion and dis tance normal t o  surface 

dummy var iable  of in tegra t ion  

L Pkw dimensionless parameter f o r  c a t a l y t i c  surface react ion,  - P 
PvwL dimensionless parameter f o r  f l u i d  in jec t ion ,  - 

V 

.1, 

Y 
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0 

A 

V 

5 

P 

7 

dimensionless s imi l a r i t y  ordinate defined by equation (56) 

T - T, 
T, - Tw dLnens ionless temperature , 

thermal conductivity of gas 

absolute v iscos i ty  of gas 

kinematic v i scos i ty  of gas, - P 
P 

t r a t i o  of cha rac t e r i s t i c  flow time t o  re laxa t ion  time, - 
7 

densi ty  of gas 

re laxa t ion  time defined by equation ( 15) 

spec i f i c  homogeneous react ion ra te  f o r  Couette flow, ($) D 

Supers c r  i p t  

1 t o t a l  d i f f e ren t i a t ion  with respect t o  Y i n  Couette flow and 
with respect t o  7 i n  boundary-layer flow 

Subscripts 

A oxygen atoms 

e equilibrium s t a t e  

i i t h  species 

M molecules 

w a t  the w a l l  ( s t a t iona ry  p la te  i n  case of Couette flow) 

CY3 at  moving p la te  i n  case of Couette flow, and a t  outer  edge of 
boundary layer  i n  case of boundary-layer flow 
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BASIC CONSERVATION EQUATIONS Y 

A i r  i n  the present analysis i s  assumed t o  be comprised of molecular 
oxygen, nitrogen, and atomic oxygen. 
i s  the dissociat ion and recombination of oxygen i n  the  air. 

The only chemical react ion considered 

The following equations describe the  behavior of the  a i r  i n  a two- 
dimensional laminar boundary layer .  

- + - + - -  a~ - o continuity a t  ax ay 

k) = (p k) momentum 
h a y a y  

p ( & + u z + v  

+ W i  d i f fus ion  (4) 

where 

It is assumed i n  the  above equations t h a t  the  pressure gradient i s  
zero. 
correct only f o r  a binary mixture of gases. 
involved here, however, are mechanically su f f i c i en t ly  similar so  t h a t  the  
diffusion equation ( 4 )  i s  thought t o  be applicable t o  the  present case. 
The term W i  i n  equation ( 4 )  represents the  net  production rate of the  
i t h  species by the  chemical react ion per un i t  volume. Usually W i  i s  
expressible as an e x p l i c i t  function of temperature, pressure, and mass 
fractions of the  species. 
an energy equation i n  terms of temperatures r a the r  than enthalpies.  

The par t icu lar  form of d i f fus ion  equation used here i s  s t r i c t l y  
The three consti tuents 

Here it i s  more convenient, therefore,  t o  have 

III equation ( 5 )  

0 
h i  = JTCpidT + h i  

T O  
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where hp i s  the  heat  of formation of  the i t h  species measured a t  the  
reference temperature, To. 

From equation ( 5 )  

and from equation (6a) 

merefore ,  equation (6b) becomes 

dh = CpdT + hidxi c i 

where 

( 7 )  

The re la t ionship  (7) changes equation ( 3 )  t o  the  following form 

This becomes, with the a id  of equation (4), 
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P.!D::, $2 equatiGli (s ) , 

and 

with the aid of equation (6a) ,  t h i s  becomes 

1h i . i  = W;[JT(cpA - c%) dT + &j 
i T O  

0 where &O = hA - hg and i s  the  heat of dissociat ion of oxygen. The 
l a s t  term of equation (8)  becomes, with the a id  of equations (6), 

4 

* '  

I n  the  usual temperatures considered for the  oxygen dissociat ion and 
i s  very small. Equations (9a)  and (9b) are  ('PA - 'PMI recomb inat ion, 

combined and the  las t  two terms of equation (8)  are  approximately expressed 
here as 

I 

Now equation (8) becomes 

TLlk f ~ m  of the energy equation i s  used i n  the subsequent work instead 
of the or iginal  equation ( 3 ) .  
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CHEMICAL REACTION KINETICS 

%ere are  Lwo classes  of reaction k ine t ics  involved i n  the  present 
work. 
react ion) ,  and the  other i s  t h a t  which takes place between the gas and 
the  so l id  a t  the  gas -solid interface (heterogeneous reac t ion) .  
ogeneous react ion per t inent  t o  the  present analysis i s  the  surface recom- 
binat ion of oxygen atoms i n  which the  so l id  ac ts  as a ca ta lys t  only. 

One i s  the  react ion t h a t  takes place i n  the gas phase (homogeneous 

The heter-  

Homogeneous Chemical Reaction 

General theory.- Much study has been done on the  chemical reactions 
of oxygen dissociat ion and recombination. Some of the  comprehensive 
analyses on the  subject may be found, f o r  instance, i n  references 2, 3, 
and 4. 

In  the  present sect ion,  only tha t  port ion of t he  react ion l a w  d i r e c t l y  
per t inent  t o  the  subsequent analysis is  explained b r i e f l y .  

Consider the  dissociat ion and the recombination process of oxygen i n  
air .  It is  iciio-rii t ha t  the  rezc-binn i s  car r ied  out i n  the  following manner. 

In  the above equation P represents the number of the  pa r t i c l e s  per 
imit volume which ac t iva te  the  oxygen reaction. It can be 02 molecules, 
0 atolms, o r  any other pa r t i c l e s  i n  the a i r .  The followirig re la t ionship  
i s  derived by the  l a w  of mass action' f o r  the  react ion represented by 
the  equation (11) 

NA = k $ '  (O& - 02) 

The equilibrium constant 

t h i s  section. ) 

is  related t o  the  equilibrium value of mA 
by the following equation. See r e f .  2 for more de ta i led  analysis of 

'See reference 4 f o r  the  analysis on the  l a w  of m a s s  action. 
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Now, noting t h a t  pC = 0 + 202 and mA = O / ( O  + 202) ,  the  expression 
f o r  the net m a s s  production r a t e  of atoms obtained by combining equa- 
t ions  (12) and (13) is  

where 

I n  the  above analysis T i s  defined as the  relaxat ion time. 

In  order f o r  equations (14)  and (15) t o  be of any quant i ta t ive value, 
the values of kR(T) must be known. Authoritative and accurate experi-  
mental values of kR(T) are  ye t  t o  be found. The three  major theories ,  
one based on co l l i s ion  theory, a second by w r i n g ,  and a t h i r d  by Wigner 
predict  kR as the  function of T112 9 T512, and T-l12, respectively.  
Reference 2 analyzes these three theories  i n  d e t a i l .  
reference f e l t  t h a t  the Wigner theory i s  the  most accurate one of the  
three, and used the  following equation i n  the  numerical work. 

The author of the  

-1 
kR(T) = x 

f i  

The specif ic  recombination r a t e  constant w a s  varied with 
well-known work of reference 5 and it was  d i f f e ren t  from any of those 
predicted by the  three preceding theories .  

T-3'2 i n  the  

Some re l a t ive ly  consistent experimental data of kR(T)  have been 
reported recently i n  references 6 and 7. 
binat ion constant t o  vary with Te2 
between those predicted bg the  Wigner theory and by reference 5 f o r  
temperature range of 2500 

These r e su l t s  show the  recom- 
and t h e i r  magnitudes f a l l  somewhere 

t o  6000' K. 

Linear approximation of t he  react ion r a t e  l a w . -  The expression f o r  
WA such as given by equation (14) must be f i r s t  incorporated in to  the  
proper conservation equations i n  order t o  solve the  proposed problem of 
heat t ransfer  across the  nonequilibrium boundary layer.  The simultaneous 
solut ion of the conservation equations (l), (2), (4), and (10) could then 
y ie ld  the desired r e su l t .  
transformation fa i l s  t o  transform the  conservation equations t o  a set. n f  

The conventional technique of the s imi l a r i t y  

1,. 

A 
3 
3 
5 

.. 
c '  
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ordinary d i f f e r e n t i a l  equations. 
The s imi l a r i t y  transformation does work at  the stagnation point of a blunt 
object and the  problem of heat  t ransfer  has been solved f o r  t h i s  region i n  
reference 5 .  
w e r e  analyzed i n  some detail  i n  references 5 and 8. 

There is one exception t o  t h i s  statement. 

The d i f f i c u l t i e s  involved i n  the s imi l a r i t y  transformation 

In  the  absence of t he  s imi l a r i t y  transformation, some s o r t  of 
perturbation type solut ion w a s  suggested by severa l  authors including 
those of references 8 and 9. 

A l inear iza t ion  of t he  react ion ra te  l a w  i s  required f o r  the  par- 
t i c u l a r  perturbation method used i n  the present work. 

The l i nea r  approximation i s  based on the following reasoning: 

Consider t he  rate l a w  of equation (14) 

, 

Here mA,. represents the equilibrium value of mA and it i s  a unique 
function of the temperatwe f o r  a gFV7cz pressure. 

The equilibrium constant K, i s  calculated by the  equilibrium 
c r i t e r i a  and the  method of the calculation can be found i n  most of the 
standard books on thermodynamics. Once K, is found, equation (13) 
yields  the  re la t ionship  between the  equilibrium mass f r ac t ion  of atoms, 
the  tempeTature, and the pressure. Sketch ( a )  represents t h i s  

I .o 

m 

0 

T / 

Sketch (a )  
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re lat ionship f o r  oxygen (see r e f .  10).  
f i rs t  approximated by a s t r a igh t  l i n e .  The var iable  mA,, i n  equa- 
t i o n  (14) then can be expressed as a su i tab le  l i nea r  function of the 
temperature. 

Here the  equilibrium curve i s  

There are many s t r a igh t  l i n e  approximations one can make. A l i n e  
such as a-b i n  the sketch approximates an equilibrium l i n e  very closely 
f o r  a given pressure. Such a l i ne ,  however, does not make m y  sense f o r  
% 5 T 5 T, and Tw 5 T 5 Ta represent the  temperatures 
a t  the  outer edge of the  boundary layer  and at the  surface respectively.  

where T, and Tw 

h 

. I  

I n  the  present work, a s t r a igh t  l i n e  i s  chosen t o  s a t i s f y  the follow- 
ing t w o  over-al l  conditions f o r  the boundary layer :  

1. The surface temperature of a vehicle i s  usually su f f i c i en t ly  low 
so  t h a t  the  equilibrium mass f r ac t ion  of atoms corresponding t o  the  w a l l  i 
temperature i s  zero. 3 

2. The a i r  i s  assumed t o  be i n  equilibrium a t  the outer edge of the  
boundary layer.  I .. 

A s t ra ight  l i n e  sa t i s fy ing  these conditions i s  shown as a'-b' i n  
sketch ( a ) .  

t 

According t o  the estimate which w i l l  be given l a t e r ,  the  pressure a t  
the f l a t  afterbody of a hypersonic vehicle i s  between lom3 and 10-I atmos- 
phere. 
as a'-%' which connects the values of Tw and T, usually encountered 
i n  hypersonic f l i g h t  approximates the equilibrium l ines  a t  l e a s t  i n  the  
average. 

For  such conditions, it i s  seen f rom sketch ( a )  t h a t  a l i n e  such 

Write equation (14 )  i n  the  following form 

where 

and 



a 

Also define a dimensionless temperature 

Then the  react ion r a t e  l a w  with a l inear  equilibrium l i n e  i n  r e l a t i o n  
t o  the t w o  conditions s t a t ed  previously i s  given by 

A 
3 

In  the study of the  one-dimensional, nonequilibrium f l o w  given i n  
reference 2, the relaxat ion time w a s  f i r s t  calculated from equation (15) 
f o r  e i t h e r  the known frozen o r  the known equilibrium var ia t ion  of temper- 
a ture  and atom m a s s  f r ac t ion  along a streamline. The appropriate conser- 
vation equations were then solved i n  connection with the react ion r a t e  
equation (14). 
f rac t ions  were subst i tuted into equation (l?), and the  new values were 
obtained f o r  the relaxat ion time. The solut ion of the  conservation equa- 
t ions  w a s  repeated then with the  new relaxation time. Reference 2 showed 
tha t  t h i s  i t e r a t i o n  procedure converged very rapidly i n  most of the  cases 
of one -dimensional flow. 

The r e su l t s  of the solution f o r  the  temperature and m a s s  

Now consider t h a t  i n  pr inciple  the preceding method of solut ion i s  
t o  be applied t o  the present work of Couette flow and boundary-layer 
problems. 
since t h e  relaxat ion time w i l l  be expressed i n  terms of the  independent 
var iables  from the  preceding i t e r a t ion  i n  each case. 

The react ion r a t e  l a w  given by equation (18) i s  then l i nea r  

A very s imilar  l i nea r  form of the react ion r a t e  l a w  w a s  derived i n  
somewhat d i f f e ren t  manner and was used i n  the  work of reference 9. A 
br i e f  summary of the  derivation i s  as follows. 

The function WA(T,mA) f o r  a given pressure i s  seen from the physical 
condition t o  be continuous and t o  have a t  l e a s t  continuous f i r s t -o rde r  
der ivat ives .  
a point on the equilibrium l ine .  
s e r i e s  a re  considered, WA becomes 

Therefore, WA can be expanded in to  a Taylor s e r i e s  about 
When only the f i r s t -o rde r  terms of the 

WA = a. + almA + a,T 

where a's are constants. 



The dimensionless form of the  above equation sa t i s fy ing  the  two 
conditions f o r  the present study s t a t ed  previously i s  

WA = constant mA (e  - m) 
7w 

.r 

I 

The comparison of equations (18) and (19) shows t h a t  the  former i s  
i n  the  same form as the  la t te r  one when the  relaxat ion time i n  equa- 
t i o n  (18) is  assumed t o  be constant throughout. 

Finally, consider the  relaxat ion time which i s  given by equation (15). 

It w a s  pointed 
The symbol T depends mainly on the  spec i f ic  recombination r a t e  kR 
which was analyzed i n  some de ta i l  i n  the  preceding section. 
out there t h a t  the mode of the  var ia t ion  of 
w a s  rather uncertain as of now. It is  s ta ted ,  a lso,  i n  reference 2 t h a t  
t he  var ia t ion of T i n  many cases is  secondary t o  t h a t  of the  rest of 
the  terms i n  the  reaction r a t e  l a w .  Under such circumstances, t he  relax- 
a t ion  time w a s  assumed t o  be constant a t  an average temperature of the  
flow f i e ld  and is  calculated from equation (15) f o r  various f l i g h t  con- 
d i t  ions i n  the subsequent analysis.  

A 
3 
3 
6 

kR with respect t o  temperature 

* 

Heterogeneous Chemical Reaction 

Some of the comprehensive analysis on the  subject of heterogeneous 
chemical reactions can be found i n  references 3, ll, 12, and 1.3. 

The portions of the references which a re  most per t inent  t o  the  
present work are  explained here b r i e f ly .  

The surface ca t a ly t i c  recombination r a t e  i s  proportional t o  j t h  

i s  expressed as 
power of mass concentration of the  rad ica ls  a t  the surface. 
the  recombination r a t e  W 

Th.erefore, 

A,w 

I n  the equation, kw i s  defined as the  spec i f ic  ca t a ly t i c  recom- 
bination r a t e  constant. The exponent, j ,  shows the  order of t he  reaction. 
In  general, t he  ca t a ly t i c  recombination process of t he  dissociated gas , 
such as oxygen, i s  known t o  be a f i r s t -o rde r  process. For such a reaction, m 

equation (20) becomes simply 



where is  a property of a par t icular  combination of the react ing gas 
and the surface whereas 
Many meta l l ic  and oxide surfaces have much higher r a t e  constants than 
nonmetallic ones f o r  a given gas reaction. 
temperature of TOO0 K, the  magnitude of 
per second f o r  glasses  whereas it is  i n  t he  order of 10 f e e t  per second 
f o r  many meta l l ic  surfaces.  The product hp, usual ly  increases with 

112 temperature up t o  1300' K o r  so. For glasses it increases with Tw 
but f o r  some metals it increases with TW7. 

k, 
pw is  the density of the gas at  the  surface.  

For instance,  at the  surface 
kw is  i n  the  order of 10-2 f e e t  

COU!3:TTE FLOW SOLUTION 

Flow With F in i t e  Homogeneous Reaction Rate 

The flow characterized by a s teady  p a r a l l e l  r e l a t i v e  motion of two 

In addi t ion t o  t h i s  general  concept of the flow, consider t ha t  a 
p a r a l l e l  p la tes  containing a viscous f l u i d  is  generally known as a Couette 
flow. 
f l u i d  i s  being injected uniformly in to  the  stream from the  s ta t ionary  
p la te .  The other  p l a t e  then must be a porous one so t h a t  mass and momen- 
t u m  as w e l l  as heat may pass r ead i ly  through it t o  keep the e n t i r e  system 
i n  a steady s t a t e  (see sketch ( b ) ) .  
t i o n a l  Couette flow model has already been used i n  the  study of mass 
c cralDler ,-.-"Q 

reference 15. Consider, a l so ,  t h a t  the f l u i d  is a nonequilibrium mixture 
of atoms and molecules, and the chemical react ions of d i ssoc ia t ion  and 
recombination are being car r ied  out a t  a f i n i t e  r a t e  between the  atomic 
and molecular oxygen components of the f l u i d .  

Such a modified form of the  conven- 

i n  reference 14, m d  i n  the st l~dy nf ah1ation and combustion i n  

Porous moving plate 

.. .... ..: 
..::! 

Viscous reacting fluid 

4 4 

Coolant air ( p  v )  

L w s  stationary plate 

Sketch ( b )  
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The conservation equations (l), (2), (lo), and (4 )  f o r  such a system 
be come, respectively , 

Here the d i f fus ion  equation i s  wr i t ten  i n  terms of mA instead of XA. 
This can be done because i s  constant as nitrogen i n  
the air is assumed t o  be chemically i n e r t  i n  the  present analysis.  
w a s  mentioned previously, the  main purpose of the  present work i s  t o  gain 
qual i ta t ive information on the subject.  The numerical work, therefore ,  
should be minimized. 
and composition, are  assumed t o  be constant, and a closed form solut ion 
t o  the  Couette flow problem is  sought here. The solut ions with such 
assumption would s t i l l  y i e ld  much qual i ta t ive  information as w a s  the  
case with the work of reference 16. 

s 

mA = XA/nC and nC 
As 

b 

For t h i s ,  the  f l u i d  propert ies ,  except temperature 

I n  analogy t o  boundary-layer flow, the  moving p l a t e  i s  assumed t o  
represent the outer edge of the boundary layer  and the  following dimen- 
sionless var iables  are introduced here. 

The conservation equations (22) through (25) become by the  a id  of 
equation ( 18 ) 



A 
3 

0 

2 1  
72 

e" - GPr0' = - P r E ( U ' )  + - ( e  - m )  

mrt - GScm' = - - L ( e  - m )  
71 

where 

It is  seen t h a t  l/rl represents the  r a t i o  of d i f fus ion  time t o  the 
r e  laxa t  ion time . 

The conservation equations ( 2 7 ) ,  ( 2 8 ) ,  and (29) are  a l l  l i n e a r  and 
a unique closed form solut ion c a n  be obtained f o r  given boundary condi- 
t ions . 

The boundary conditions applied here are based on the  following 
physical  conditions . 

1. The a i r  at the  moving p la te  i s  i n  equilibrium at the p la te  
temperature which i s  su f f i c i en t ly  high t o  produce a large amount of 
d i ssoc ia t ion  . 

2. The s ta t ionary  p la te  has e i ther  a zero, a f i n i t e ,  or extremely 
high c a t a l y t i c  r a t e  constant for atom recombination, and i t s  temperature 
is  s u f f i c i e n t l y  low t h a t  the  equilibrium mass concentration of oxygen 
atoms i s  zero. 

3 -  Air is  in jec ted  in to  the stream uniformly from the  s ta t ionary  
p la te ,  and the in jec t ion  r a t e  is given by pv. 

,The boundary conditions corresponding t o  the  above-stated physical 
conditions a re  as follows : 
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a t  Y = o (s ta t ionary  p l a t e )  

uw = 0 

ew = o 

m,' = Sc(yw + S)% as kw is  f i n i t e  

m, = 0 as k, i s  extremely high 

where 

a t  Y = 1 (moving p l a t e )  

u, = 1 (33) 

e ,  = 1 

m , = 1  

(34)  

(35) 

The boundary condition of (32a) i s  derived by making the  following 
relat ionship of mass balance f o r  atoms dimensionless a t  the  s ta t ionary  
p la te .  

pD (2)w pvxA,w = PkwxA,w 

or  

3 6 

* 

I 
L 

'4 

.-, 
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The l e f t  s ide  of the equations represents the net  r a t e  of atoms 
ar r iv ing  a t  the s ta t ionary  p l a t e  whereas the  r igh t  s ide represents the 
net  r a t e  of disappearance of the atoms by the  c a t a l y t i c  react ion and i s  
given by equation (21) .  

When Q 7  and therefore yw, becomes extremely large,  m, i n  equa- 
t i o n  ( p a )  m u s t  go t o  0 s ince %' i s  f i n i t e .  Equation (32b) i s  there-  
fore  va l id  when the  recombination occws extremely f a s t  a t  the  surface.  
When the  s ta t ionary  p l a t e  i s  t o t a l l y  noncatalytic,  the re la t ionship  ( p a )  
i s  va l id  with yW = 0 i n  the equation. 

The solut ions of equations (27), (28) ,  and (29)  sa t i s fy ing  the 
boundary conditions (30) through (33) are  obtained as follows: 

e6' - 1 U(Y) = 
e 5  - 1 

26Y 
0 ( Y )  = C, + C$sD2' + C3B3eD3' + C4B4eD4' + B,e 

D2Y D4Y 26Y 
m(Y) = C, + C$ + C3eD3' + C,e + A,e 

(37) 

The parameters i n  the solut ions (36) through (38) a re  given i n  appendix A. 

The t o t a l  heat t r ans fe r  t o  the s ta t ionary  p l a t e  i s  obtained as 
follows : 

For a f i n i t e  y, 

Making the  above equation dimensionless y ie lds  
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For an extreme Yw 

Making the equation dimensionless y ie lds  

Flow With Frozen Homogeneous Reaction 

A 
3 

There are  two l imi t ing  cases t o  the  problem. They are  the cases 
with the frozen and the  equilibrium homogeneous react ions,  respect ively.  
The equations and the solut ions become much simpler f o r  these cases. 

v 

Consider f i r s t  t h a t  the  gas-phase react ion i s  frozen. This i s  the  
l i m i t  approached as the relaxat ion time becomes i n f i n i t e l y  long compared 
t o  the diffusion time. Equations (27), (28) ,  and (29) become 

L 

elt - GPre' = - PrE(U'>" (43 )  

The solut ion of these equations i s  of course very simple and the 
application of the boundary conditions (30) through (35) t o  the general 
solut ion yields  
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+ ~ S C  - B, 
GSC 

GSCY 

f o r  a f i n i t e  yw ( 46a 1 B6e 
m ( Y )  = 

6% - B6 + Bee 

SSCY - 
- for  an extreme yW e m ( Y )  = 

e - 1 

The values eW, %, e;, and 4 can be obtained d i r e c t l y  from the  
above equations, and subs t i tu t ion  of  these values in to  the appropriate 
equations (40)  and (42)  y ie lds  the  desired quant i ty  NUL f o r  the case of 

L frozen flow. 

) Flow With Equilibrium Homogeneous Reaction 

Next, consider t h a t  the gas i s  local ly  i n  equilibrium a t  the pre- 
1 va i l ing  condition of the loca l i t y .  This implies the  following f a c t s .  

1. ??le re laxa t ion  t i n e  i s  very chort c o q a r e d  t.0 the time required 
4 f o r  d i f h s i o n  and convection of the a t o m s .  The react ion rate a t  a 

loca l i t y ,  therefore ,  i s  controlled compietely by the r a t e s  of diffusion 
and convection of the atoms t o  and from the  loca l i t y .  

2. The re la t ionship  between the  temperature and the  m a s s  f r ac t ion  
of atoms a t  each point i n  the  f l u i d  s a t i s f i e s  the equilibrium c r i t e r i a .  

I n  accorfjance with the  above condition 1, an expression i s  obtained f o r  
( 1 / 1 - ~ ) ( 8  - m )  i n  terms of rn' and m" from the d i f fus ion  equation (29), 
<"A*LL -nd i.+- i s  ri jbsti t i~terj  i n t o  equation (28). Next, i n  accordance with 
condition 2,  m' and m" i n  the resul t ing equation are  s e t  equal t o  8 '  
and e " ,  respect ively,  since 
There then r e s u l t s :  

m ( Y )  = 8(Y) when the  gas i s  i n  equilibrium. 

where 
1 

- Pre - Pr 
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The par t icu lar  form of the e f fec t ive  Prandtl  number shown above w a s  
. 

f i r s t  derived and w a s  discussed i n  reference 9. 

Pr, = P r  when Le = 1. It i s  seen t h a t  

The solut ion of equation (47a) i s  again very simple, and i s  

where I 

t 

The heat t r ans fe r  t o  the s ta t ionary w a l l  f o r  t h i s  case i s  independ- 
ent  of the surface c a t a l y t i c  conditions and i s  given by: L 

It i s  seen from the  par t icu lar  l i nea r  react ion r a t e  l a w  used here t h a t  
B ( Y )  = m ( Y )  when the  f l u i d  i s  i n  equilibrium. 

SmADY BOUNDARY-LAYER SOLUTION BY MYUIGH'S ANALOGY 

GeneraL Solution 

It is  known t h a t  the  steady boundary-layer so lu t ion  for a so l id  
surface can be approximated by solving for t he  t rans ien t  boundary layer  
on the surface s t a r t i n g  impulsively. 
Rayle igh' s analogy. 

Such an approximation i s  ca l led  

The analogy was somewhat modified i n  reference 17' t o  include the 
e f f ec t  of mass in jec t ion  at the  surface.  ". 

I n  t he  present work, t he  pr inciple  of Rayleigh's analogy i s  extended 
t o  include the e f f ec t  of energy t r ans fe r  and chemical react ion as w e l l  
as Ynat of mass t ransfer .  

c 



e 

* 

L 

I 
3 
3 

e 

Y 

The major s implif i c a t  ion i s  achieved i n  Rayle igh' s approximat ion by 
using the  terms with 
u( a/ax), which is  nonlinear, i n  the  or iginal  momentum equation. 

a/& which i s  l inear  instead of the term with 

The spec i f ic  problem solved here follows: Consider a porous f l a t  
p la te  which is i n f i n i t e  i n  s i z e ,  and i s  i n  contact with the  f lu id  above 
it. 

I n i t i a l l y ,  the temperature of the  f l u i d  and the  p la te  i s  at uniform 
value of T,, and the  mass f r ac t ion  of atoms i n  the  f l u i d  is  at the  
equilibrium value of XA,,' 

IY 4 , t = O  

.._._. _._._._ ._._ 
pw "w pw "w 

Porous w a l l  

Sketch ( c )  

Now consider t h a t  the  following conditions are imposed on the  p la te  
scddenly a t  zero time. (Sketch ( c )  illustrates the problem.) 

1. The p la te  i s  started toward the l e f t  a t  uniform ve loc i ty  of 
-%. This is  the  same as the  f l u i d  moving toward the r igh t  with h. 

2. Temperature of the p la te  i s  lowered t o  Tw. 

3. Fluid in jec t ion  i s  started uniformly over the whole p l a t e  and 
is  decreased i n  accordance with the  relat ionship 
Here vo is  a constant. 

v = v O m  thereaf te r .  

After the  completion of the  t ransient  solut ion,  the analogous steady 
boundary-layer solut ion is  found by se t t i ng  



24 . 

me pert inent  conservation equations are  obtained from equations (l), .( 

( 2 ) y  (4), and (10) f o r  the constant f l u i d  properties as follows: 

The following dimensionless independent var iables  are  introduced 0 

here. 

r 

- t  i. - 7  ( 5 5 )  

( 5 6 )  

The dependent var iables  ere made dimensionless as i n  the  Couette 
flow case as 

Now the  conservation equations a re  transformed t o  the  subsequent 
s e t  of dimensionless equations by the  use of the  new dimensionless 
dependent var iables ,  and by changing the  independent var iables  t and y 
t o  the  new ones 5 and 7. The expression f o r  WA i s  obtained from the  
l i nea r  reaction r a t e  law of equation (18), 

. 
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The analysis of the  nonequilibrium boundary layer  i s  much more 
complicated than t h a t  of the  Couette flow and involves a subs tan t ia l  
amount of numerical work. Here, therefore,  only two extreme surface 
conditions are  considered i n  order not t o  complicate fu r the r  the  analysis 
of the nonequilibrium boundary layer .  The two surface conditions are  t h e  
noncatalytic and t h e  extremely ca ta ly t ic  ones. The method of treatment 
of the f i n i t e  c a t a l y t i c  e f f ic ienc ies  i n  connection w i t h  a frozen boundary 
layer  i s  found i n  references 11 and 13. It is  seen t h a t  t he  treatment 
given i n  the  references can be incorporated in to  the  present work of 
nonequilibrium boundary layer,  but  with much added complexity. 

R 

The physical conditions s t a t ed  at the  beginning of t h i s  sect ion imply 
the following boundary conditions f o r  the present problem. 

v , = o  

VO 
vw = - 6 

6w = 0 

m, = 0 f o r  extremely large k, 

A t  7 = co, (y  = cn) 
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u, = 1 

e ,  = 1 

m , = 1  

) and (6211) came from the  atom mass balance 
a t  the wall, as w a s  discussed i n  the previous sec t ion  on Couette flow. 
The injection r a t e  a t  the surface is  given by the  dimensionless parameter, 
vo/fi. The quantity v 0 / 0  i s  equal t o  v w a ,  and the  relat ionship,  
t = x/&, leads t o  the  expression 

Thus the  dimensionless in jec t ion  parameter used here i s  equivalent 
t o  the  conventional Blasius in jec t ion  parameter -fw. 

The momentum equation (57) i s  integrated readi ly  t o  s a t i s f y  the  

e r f ( 7 )  + er f  

boundary conditions as 

(67) u ( d  = 

1 + e r f  ($) 
2 The term i n  equation (58) which includes (U’) can be rewri t ten as 

a function of ‘q with the  a id  of the solut ion (67). The solut ions of 
the  remaining equations (58) and (59) are  obtained here by the  following 
method of perturbat ion. 

Let 

t 

u 

A 
3 
3 
6 

t 

L 

* 

n 
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I n  order t h a t  the  present technique of per turbat ion be successful,  
8, and mn must be functions of 11 only. It w i l l  be seen i n  the  fol low- 
ing perturbed equations t h a t  they are indeed functions of 7 only. 

When the above se r i e s  are substi tuted in to  equations (58) and (59), 
and the  terms with the  same powers of 5 are  equated, the following s e t  
of perturbed equations is  derived. 

A 
3 

r) 

V 
--a: 1 + -mi 11 - m, = - ( e o  - a) 4sc 2 

. . . . . . . . . . . . . . . . .  

. . . . . . . . . . . . . . . . . . .  

(72)  

(73) 

It i s  seen t h a t  each of the  above perturbed equations is  l i nea r .  
The boundary conditions f o r  the perturbed equations must be such t h a t  the  
o r ig ina l  functions (68) and (69) f o r  
conditions ( 6 0 )  through (65),, 

0 and m should s a t i s f y  the boundary 
Such boundary conditions a re  as follows: 
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For the  zero-order perturbed equations (70) and (71) 

Q0,w = o  

%,, = 0 f o r  k, extremely large 

Q O  ,w = 1  

mo ,M 
= 1  

For the nth perturbation excluding n = 0 

A 
3 

mn,w = 0 for kw extremely large ( 8 5  1 

Qn,w = o  (86) 

mn,, = 0 (87 1 

The following describes,  b r i e f ly ,  the main points of the  method used 
The d e t a i l s  appear i n  appendix B. 

The zero-order perturbed equations (70) and (71) are f i rs t  integrated 

i n  the  solution of the equation. 

t o  y ie ld  



where 

T\kxt, I!he ceneral  perturbed equations (76) and (77) f o r  
as foI lows . n # 0 are  solved 

Consider the homogeneous par t s  of equations ( 7 6 )  and (77) which are 

In  General, there  are  two independent solutions f o r  each of the above 
homogeneous equations. Two solutions,  one f o r  each of the  equations, are 
obzained here i n  the  polynomial form as 



where 

and 

where 

- n(n - l ) ( n  - 2)  . . . ( n  - k + 1) 
a2k - 

(95) 

- n(n  - l ) ( n  - 2)  . . . ( n  - k + 1) 
b2k - 

The par t icular  solut ions 
t ions  for equations (92) and (93),  respectively.  

HeJn and G,n represent one of the two solu- 

The analyt ic  solutions (94) and (95) of the  homogeneous equations 

The 
are  exploited here, and the appropriate Green's functions are  constructed 
t o  sa t i s fy  the homogeneous boundary conditions ( 8 3 )  through ( 8 7 ) .  
complete solut ions f o r  the  perturbed equations ( 7 6 )  and ( 7 7 )  sa t i s fy ing  
the  proper boundary conditions are then obtained i n  t h e  following i n t e g r a l  
forms : 



where the G's represent the Green's functions and are  given by 

and when kw -, w 

where 

for 

f o r  

for z h 

f o r  z 5 

for z 2 7 

f o r  z 5 7 
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and 

and 

The heat t r ans fe r  t o  the surface is  given by 

g = h ($$), f o r  k, = 0 

t 

f o r  k, extremely large (108) 
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Making the  above equations dimensionless yields ,  respect ively,  

and 

I n  the  der ivat ion 
t o  the steady boundary 
Nusselt number w a s  def i 
( &/a,)w necessary i n  
s e r i e s  (68) and (69) as 

of the relationships (109) and (110), the  analogy 
layer  w a s  made by s e t t i n g  t = x/% and the  
.ned as qx/h(T,-Tw). The values of ( & / a ~ ) ,  and 
the  evaluation of Nu/& are  obtained from the  

W 

and 
W 

Range of Solutions Obtainable 

It i s  obvious from the  se r i e s  representations of t he  solutions given 
f o r  which by equations (68),  (69),  (ill), and (112) t h a t  t he  range of 

t he  solut ions can be obtained by the method of perturbation is  qui te  
l imited.  The exact range of 5 for convergence of t h e  se r i e s  i s  not 
known. It i s  seen, however, t h a t  5 can not be much above 1. The 
symbol 5 w a s  defined as t / T  and it is  the r a t i o  of the flow charac- 
t e r i s t i c  time t o  the  relaxat ion time. The boundary layer  i s  p rac t i ca l ly  
frozen when < < 1, and it is  i n  equilibrium when 5 > > 1. When 
5 2 1, the  boundary layer  i s  def in i te ly  i n  nonequilibrium and the  f i n i t e  
react ion r a t e  must be considered, The main purpose of the present qual- 
i t a t i v e  study i s  accomplished i f  the solution can be obtained f o r  6 = 1. 

5 

.. 
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It is  worthwhile a t  t h i s  point t o  discuss the  ac tua l  range of 
which may be encountered by a boundary layer  of the  s o r t  considered here. 
The pressure a t  the  stagnation point of a blunt  body t rave l ing  a t  hyper- 
sonic speed i n  the  range of 100,000- t o  200,000-feet a l t i t ude  i s  found t o  
vary approximately between 
A t  t he  region of a vehicle considered here where the  pressure gradient is 
negligible,  the  pressure i s  very much l e s s  than t h a t  a t  t he  stagnation 
point. If it i s  assumed t h a t  the  pressure i n  the  boundary layer  consid- 
ered i s  l e s s  than t h a t  at the  stagnation point by an order of magnitude, 
it would be between loe3 and 10-1 atmosphere. 

t / T  

and 1 atmosphere according t o  reference 18. 

Figure 1, which i s  obtained d i r e c t l y  from f igure  8 of reference 2, 
shows the var ia t ion  of the  product 
The relaxation times were calculated with the  aid of Wigner theory 
(eq. (16) ) .  The surface temperature of a vehicle i s  usual ly  l e s s  than 
l,OOOo K. Then f o r  an assumed average temperature of 3,000' K f o r  the  
boundary layer ,  the  relaxat ion time can be approximately estimated t o  be 
between 10-3 and 1 second f o r  the  pressure range of 10-3 t o  10-1 
atmosphere. 

~p with respect t o  the  temperature. 

Now consider t he  r a t i o  
the plate i s  usual ly  not more than 10 f e e t .  The magnitude of I& is  i n  
the  order of lo4 feet  per second. 
E becomes between and 1. Therefore, the  solutions of most i n t e re s t  - 
here seem t o  be those f o r  E 5 1, and these solutions can be obtained by 
the  perturbation technique. 

t / T  = x/TI&,. The distance of i n t e re s t  along 

Then f o r  these values, the  range of 

Frozen Boundary Layer 

The boundary layer  becomes chemically frozen as the  relaxat ion time 
becomes i n f i n i t e l y  large i n  comparison t o  the  flow charac te r i s t ic  time. 
The r a t i o  5 then approaches 0, and the  energy and d i f fus ion  equa- 
t i ons  ( 5 8 )  and (59) become iden t i ca l  t o  the zeroth perturbed equa- 
t i ons  (70) and (71), respectively.  
equations (88) through (91) represent the solut ions f o r  the  frozen case. 

Therefore, the solutions given by 

Equilibrium Boundary Layer 

The physical implications concerning the  gas i n  a l o c a l  equilibrium 
were discussed i n  the  sect ion on Couette flow. 

A 
3 

The following equation i s  derived by combining the  two conservation 
equations (58) and (59) 
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This equation is  i n  t h e  same form as equation (70) whose so lu t ion  i s  
equation (88). Remembering t h a t  e (  7 )  = m( 7 )  when the  f l u i d  i s  i n  
equilibrium, the  
equation (88) by replacing 

e(  7 )  and m( 7 )  profi les  can be obtained d i r e c t l y  from 
Pr by Pre and E by 

The heat transfer t o  the  surface is given by the  following expression 
f o r  a l l  ca t a ly t i c  conditions of the  surface 

NllMERICAL RESULTS 

Coue t t e 

AND DISCUSSION 

Flow 

It is  seen, from references 3, 5 ,  and 12, t h a t  the values of 0.71 
and 1.4 are  f a i r  estimates f o r  Prandtl and L e w i s  numbers, respect ively,  
i n  hypersonic heat- t ransfer  work. 
numerical calculations of the present analysis.  
t i o n a l  parameters must be specif ied before the  numerical elaborations 
can be s ta r ted .  
XA,&ho/~p(T,-Tw). The Eckert nmiber i s  defined as G ~ / c ~ ( T , - T ~ )  and 
it represents t he  r a t i o  of the  heat- t ransfer  po ten t i a l  due t o  k ine t i c  
energy t o  t h a t  due t o  the sensible  thermal  energy. 
XA,mDhO/~p(T,-Tw), on the  other  hand, represents t he  r a t i o  of the  heat-  
transfer poten t ia l  due t o  the chemical energy t o  t h a t  due t o  the  sensible  
thermal energy. Here, t he  following values are used which a re  thought t o  
be reasonable for the  air  which passed through a shock strong enough t o  
d issoc ia te  the oxygen completely. 

These property values are used i n  t h e  
The values of two addi- 

They are the  Eckert number and the  parameter 

The parameter 

PrE = 2 



Figures 2(a)  and 2(b) show the  typ ica l  var ia t ions  of heat t r ans fe r  
calculated f o r  the two f l u i d  in jec t ion  r a t e s  of 
t ive ly .  The expected trend of the increasing heat t r ans fe r  with homo- 
geneous and heterogeneous specif ic  react ion r a t e s  i s  evident. 
i n  the  f igures  t h a t  t he  heat t r ans fe r  var ies  considerably with respect 
t o  the spec i f ic  homogeneous react ion r a t e ,  l / - r l ,  f o r  the  lower ca t a ly t i c  
eff ic iencies  of the surface.  The maximum var ia t ions  between the frozen 
and the equilibrium reactions depend mainly on the  parameter 
X ~ , & ~ I ~ / C ~ ( T , - T ~ )  f o r  a given f l u i d  in jec t ion  r a t e .  
parameter the grea te r  is the  magnitude of the  var ia t ion .  
of the heat t r ans fe r  with respect t o  the spec i f ic  homogeneous react ion 
r a t e  decreases qui te  rapidly as the ca t a ly t i c  surface eff ic iency i s  
increased, and it becomes p rac t i ca l ly  invariant  t o  
ca ta ly t ic  recombination r a t e s .  

6 = 0 and 6 = 2, respec- 

It i s  seen 

The la rger  the  
The s e n s i t i v i t y  

1 / ~ ~  at  the high 

The heat t r ans fe r  i s  very sens i t ive  t o  the  ca t a ly t i c  condition of 
the surface up t o  very large values of Heat t r ans fe r  becomes 
independent of the surface ca t a ly t i c  condition as the  gas approaches 
loca l ly  the equilibrium s t a t e s .  

l / - r l .  

The r e l a t ive  s e n s i t i v i t y  of heat t r ans fe r  with respect t o  the  spe- 
c i f i c  heterogeneous and homogeneous react ion r a t e s  can be seen i n  the 
f igures .  For 6 = 3, f o r  instance, it takes approximately a 50-fold 
increase i n  the surface ca t a ly t i c  parameter yw t o  r a i s e  the  Nusselt 
number from 3 t o  4.7; whereas, it takes over a 1000-fold increase i n  the 
spec i f ic  homogeneous react ion r a t e ,  1/-rl,  t o  do the same. Heat t r ans fe r ,  
therefore,  i n  general ,  i s  much more sens i t ive  t o  the  surface ca t a ly t i c  
condition than the  gas-phase react ion rate. This i s  because the  react ion 
which occurs a t  the surface a f f ec t s  the heat  t r ans fe r  more d i r e c t l y  than 
t h a t  which takes place i n  the  gas stream away from the surface.  

Figure 3 shows some typ ica l  v e l x i t y  prof i les  f o r  Couette flows. 

The e f f ec t  of the  spec i f ic  gas-phase react ion r a t e  on the chemical 
s t a t e  of the gas i t s e l f  i s  seen i n  f igure  4. 
case of 8 and 7, equal t o  0. It is  seen t h a t  the  gas approaches an 
equilibrium s t a t e ,  as i s  evidenced by the  decreasing values of 19 - m l  , 
as the  specific react ion r a t e  is  increased.2 The gas fu r the r  away from 

used here for the  gas-phase reaction, 0 ( Y )  = m ( Y )  i s  an indicat ion of the 
equilibrium s t a t e  i n  the gas. 
nonequilibrium react ion since the relaxat ion time i s  assumed t o  be 
constant. 

This f igure  i s  f o r  the 

2Note t h a t ,  from the par t icu lar  l inear ized  r a t e  law of equation (18) 

Also (0 -m)  represents the r a t e  of the 

A 
3 
3 
6 
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c the  s ta t ionary  w a l l  reaches the equilibrium state f i r s t  then the  gas near 
the  wal l  approaches it ra ther  slowly. ?"ne nonequilibrium condition of 
the gas adjacent t o  the w a l l  persists even f o r  very large values of l/-rl .  

The added e f f ec t  of f i n i t e  ca ta ly t ic  surface recombination r a t e s  i s  
For the  near frozen gas-phase react ion,  the  condition seen i n  f igure  5 .  

of the  gas a t  the  wal l  i s  immediately brought c loser  t o  the  equilibrium 
s t a t e  as the  heterogeneous chemical reaction i s  now allowed t o  proceed 
a t  a f i n i t e  r a t e  a t  the  surface. This also changes the  shapes of the 8 
and m prof i les  through the  gas. The surface c a t a l y t i c  react ion,  there-  
fore ,  a f f ec t s  the  homogeneous react ion when the  gas-phase react ion is  very 
slow. It i s  seen, however, t ha t  the gas-phase react ion r a t e  comes t o  
depend mostly on i t s  own spec i f ic  reaction r a t e ,  except near the  w a l l ,  as 
the spec i f ic  homogeneous react ion r a t e  increases. A comparison of f i g -  
ures 4 and 5 shows t h a t  even f o r  a re la t ive ly  low homogeneous react ion 
rate of 30,  the  region of influence of the ca t a ly t i c  react ion on the gas- 
phase react ion does not extend beyond A t  a higher gas-phase 
spec i f ic  react ion r a t e  of 200, the  region of the  influence is  l imited 
p rac t i ca l ly  t o  very adjacent gas layers. It i s  important, however, t o  
not ice  t h a t  the influence of the surface condition p e r s i s t s  near the  wall ,  
and it has a nonnegligible e f f ec t  on the heat t r ans fe r  even f o r  the r e l a -  
t i v e l y  high gas-phase react ion r a t e s  (see f i g .  2) .  

Y = 0.4. 

* 

Fjgin-e 6 shows the  0 and m profi les  f o r  an extremely ca t a ly t i c  
w a l l .  The gas a t  the  w a l l  i s  now i n  equilibrium because of the Ir,fir,ite 
r a t e  of react ion.  The degree of departure f romthe  equilibrium state f o r  
the gas away from the  w a l l  i s  s t i l l  mainly dependent on the  homogeneous 
spec i f ic  react ion r a t e .  It is  seen that  the  ca t a ly t i c  surface react ion 
with such a large value of 
e n t i r e  flow f i e l d .  The ca t a ly t i c  surface as an i n f i n i t e  sink drains the 
atoms off the gas stream so  f a s t  t ha t  the concentration of atoms i s  below 
the  equilibrium values throughout the ~ a c  for a11 the  f i n i t e  homogeneous 
react ion ra tes .  The react ion of dissociation, therefore ,  takes place i n  
the  gas as it approaches the  equilibrium s t a t e  instead of the react ion 
of recombination. This e f f ec t  on heat t r ans fe r  i s  seen i n  f igures  2 (a )  
and 2(b) .  
of the  t o t a l  heat t r ans fe r  which is  represented by the  so l id  l i nes .  
differences i n  the  ordinate between the two l ines  then represent the  heat 
t r ans fe r  due t o  the atom recombination a t  the s ta t ionary  w a l l .  
t r ans fe r  t o  the w a l l  i s  by conduction alone when 
the  recombination is  the predominant reaction i n  the  gas phase so t h a t  
the  conductive par t  of the heat t ransfer  increases s t ead i ly  as 
increased. 
i s  decreased at the  same time. Only dissociation, on the  other hand, 

homogeneous react ion r a t e  i s  increased. The heat t r ans fe r  due t o  the 
surface recombination i s  increased and the  conductive pa r t  i s  decreased 
as l / - r l  becomes gregter.  Final ly ,  for  a su f f i c i en t ly  high but a f i n i t e  
c a t a l y t i c  eff ic iency of the  surface,  such as f o r  YW = 30, it i s  seen 

7w, however, has a d i s t i n c t  e f f ec t  on the  

The dotted l ines  i n  the figures represent t he  conductive par t  
The 

The heat 
yw = 0. For Yw = 5 ,  

1 / ~ ~  i s  
The heat t r ans fe r  due t o  the c a t a l y t i c  react ion a t  the surface 

r takes place i n  the  gas phase when 7, = w, producing more atoms as the 
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t h a t  the conductive par t  of the  heat t r ans fe r  decreases f i r s t  and then it 
increases as the gas-phase react ion i s  continually increased. This 
phenomenon comes about as the predominant react ion i n  the  gas phase is  
shif ted from dissociat ion t o  recombination. This s i tua t ion  i s  seen more 
clear ly  from f igure  7. 
proportional t o  the l o c a l  homogeneous react ion r a t e ,  i s  p lo t ted  against  
Y for  6 = 3. The chemical react ion i n  the  gas phase is predominantly 
tha t  of d issociat ion f o r  1 / ~ ~  = 30. When 1 / ~ ~  i s  increased t o  200, 
on the other hand, most of the  gas is  i n  equilibrium except near the  w a l l  
where the process of recombination i s  taking place. 
ure 2 tha t  these e f fec ts  of yw and 1 / ~ ~  on the  0 and m prof i les  
through the gas do not have any pronounced e f f ec t  on the  t o t a l  heat  
t ransfer  

Here the parameter ( e  - m),  which is  d i r ec t ly  

It is  seen i n  f i g -  

The pa r t i cu la r  r e l a t i v e  occurrences of dissociat ion and recombina- 
t i o n  i n  the gas phase and the par t icu lar  mode of the p a r t i t i o n  between 
the t w o  par t s  of the  heat t r ans fe r  depend la rge ly  on the pa r t i cu la r  
boundary conditions and the  react ion rate l a w  used. 

The added e f f ec t  of the f l u i d  in jec t ion  is  seen i n  f igures  8 through 
12. 

Figure 8 shows the  var ia t ion  of heat  t r ans fe r  with respect t o  the 
injection parameter 6 f o r  s i x  d i f f e ren t  combinations of l / - r l  and Yw. 
It shows t h a t  a subs tan t ia l  decrease i n  heat t r ans fe r  is accomplished by 
f l u i d  inject ion i n  a l l  the  cases. 

It is seen from f igures  8 ( a )  and 8 ( d )  t h a t  when e i t h e r  of the two 
reaction r a t e s ,  homogeneous o r  heterogeneous, i s  very slow the  increase 
i n  the other r e s u l t s  i n  a grea te r  decrease i n  heat t r ans fe r  f o r  a given 
f l u i d  inject ion r a t e .  The similar conclusion was  drawn i n  reference 19 
from the analysis of a frozen boundary layer  a t  the stagnation region of 
hypersonic vehicles.  
example, f rom the  comparisons of f igures  4 and 9, and 5 and 10, respec- 
t ive ly .  The f i r s t  two f igures  show the  8 and m prof i les  when the  
ca ta ly t ic  react ion a t  the  s ta t ionary w a l l  i s  frozen; whereas the last  
two figures show those when the  w a l l  has a f i n i t e  c a t a l y t i c  eff ic iency.  
A comparison of f igures  4 and 9 shows t h a t  t he  f l u i d  in jec t ion  plays a 
substant ia l  ro l e  i n  bringing the  f l u i d  c loser  t o  an equilibrium s t a t e  
near the w a l l  especial ly  f o r  the lower values of 
injection, therefore ,  considerably decreases the recombination process 
near the w a l l .  Comparison of f igures  5 ma 10, on the other hand, shows 
t h a t  t h i s  ro le  of the f l u i d  in jec t ion  i s  not so pronounced as the surface 
becomes more ca t a ly t i c  since the  of the  surface then dominantly 
influences the region near the w a l l .  The comparisons of the  f igures  
a l so  show t h a t  the  homogeneous react ion away from the  w a l l  i s  not a l te red  
t o  any great degree by the f l u i d  inject ion.  From these analyses, it is 
seen that ,  excluding the  case f o r  e i t h e r  a near frozen homogeneous o r  a 
near frozen heterogeneous reaction, t he  I;lairL e f f ec t  of f l u i d  in jec t ion  
is  t o  shield the  surface from the Copduction of sensible  heat and from 

The reason f o r  t h i s  phenomenon can be seen, f o r  

1 / ~ ~ .  The f l u i d  

yw 
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c 

the  diffusion of the  atoms t o  the  surface. 
c l ea r ly  i n  f igure  11. As the  f l u i d  inject ion i s  increased, t he  chemical 
reactions are  not changed appreciably, but the  temperature gradient and 
the  m a s s  concentration of atoms at  the wall a re  decreased s teadi ly .  One 
preset  condition of the problem must be remembered a t  t h i s  p i n t .  
problem i s  solved and analyzed here assuming that the relaxat ion time f o r  
the  gas-phase react ion i s  uniform throughout the flow f i e l d .  The 
relaxat ion time, i n  pract ice ,  var ies  with the  temperature, and the  e f f e c t  
of the f l u i d  in jec t ion  on the relaxation time v i a  decreased temperature 
must be incorporated in to  the problem also. 

This phenomenon i s  seen 

The 

Boundary-Layer Flow 

The property values and the Eckert number used f o r  the  numerical 
examples of the boundary-layer flow are the  same as those used f o r  the  
Couette flow. The parameter X A , ~ & ~ / C ~ ( T , - T ~ )  i s  considered t o  be uni ty  
here,  and it i s  d i f f e ren t  from the value of 2 used f o r  the Couette flow 
case. This gives a l i t t l e  simplification i n  the  the  numerical 
computat ions. 

It i s  seen i n  t h e  preceding analysis of the  Couette flow that the  
heat t r a m f e r  i s  jndeyndent of the  homogeneous react ion when the  surface 
is  extremely ca t a ly t i c .  
car r ied  out here f o r  the  cooled, noncatalytic surface only. 

The numerical computations are ,  thereyore, 

Figure 12 shows some of the typical  veloci ty  prof i les  through the 
boundary layer.  

The main numerical work of the present problem lay  i n  the evaluation 
of the in tegra ls ,  I=, Q , n ,  and Im,n f o r  n f lJ3 and the  integrals for 
en and mn. 
(106) t h a t  a l l  the  in tegra ls  involved are ac tua l ly  qui te  straightforward. 
It i s  a l so  seen from the  analysis t ha t  t he  in tegra ls  I@,-, and Im,n need 
t o  be evaluated only once f o r  each n, and the  same in tegra ls  can be used 
f o r  a l l  f l u i d  in jec t ion  rates considered. 

It is  seen from the expressions (89), (96), (97), (lo?), and 

The calculat ion of the  perturbations through the  four th  or f i f t h  
order ones yielded su f f i c i en t ly  accurate values of heat t r ans fe r  f o r  
up t o  1.2. 

5 

Figure 13 shows the deviations of the  heat t r ans fe r  from the  frozen 
cases f o r  d i f f e ren t  values of 6 .  The deviations a re  shown as percent- 
ages of the maximum heat- t ransfer  variations between t h e  frozen and the  
equilibrium cases f o r  three d i f fe ren t  in jec t ion  ra tes .  It is  seen i n  
the  f igure  t h a t  the  deviation of heat t r ans fe r  from the  respective frozen 

%e analyt ic  expressions for and Im,= are  sbtained i n  
appendix B. 



case is lessened f o r  3 given i as the in jec t ion  rate i s  increased, This - 
implies t h a t ,  f o r  a given relaxat ion time, the e f f ec t  of the atom recom- 
bination on the  heat t r ans fe r  t o  the surface a t  a given distance down- 
stream from the  leading edge becomes l e s s  pronounced as f l u i d  is  injected 
in to  the boundary layer.  

Figures 14, 15, and 16 show the  temperature and the  atom concentration 
prof i les  through the boundary layer  f o r  the same three  f l u i d  in jec t ion  
r a t e s  as before. It is  seen i n  the  f igures  t h a t  the  atom concentration 
i s  decreased near t he  w a l l  as the f l u i d  i s  injected and it brings the  
f l u i d  closer t o  the equilibrium s t a t e  there .  The recombination r a t e  i s  
therefore decreased considerably near t he  w a l l  by the  in jec t ion  at least 
f o r  t; = 1.2. This seems t o  be the main reason f o r  the decreased e f f ec t  
of a given relaxat ion time on the heat  t r ans fe r  when f l u i d  is  injected.  

< 

As 5 i s  increased much beyond 1.2, it seems reasonable t o  think, 
from the analysis on the  Couette flow, t h a t  the react ion rate w i l l  become 
pract ical ly  independent of the f l u i d  in jec t ion ,  and it w i l l  be predomi- 
nantly controlled by the relaxat ion time. 

It was estimated i n  the previous sect ion "Steady Boundary-Layer c 

Solution by Rayleigh's Analogy" t h a t  the  range of 
in te res t  here w a s  between 10-3 and 1. Assuming, then, t h a t  t h i s  e s t i -  
mation is  not too f a r  o f f ,  f igure  1.3 shows most of the  probable range of 
departures of heat t r ans fe r  from the frozen case. 
then, the maximum probable departure i n  heat t r ans fe r  i s  only about 
35 percent of the t o t a l  var ia t ion  between the  frozen and the equilibrium 
cases. It i s  also seen, from the general  slopes of the  deviation curves 
of figure 1.3, t h a t  it w i l l  take unreasonably long distances f o r  t he  f l u i d  
t o  reach near equilibrium s t a t e .  

5 which was of most 

According t o  the  f igure ,  

CONCLUDING REMARKS 

The simultaneous e f f e c t  of the f i n i t e  r a t e  recombination of atoms 
and the f l u i d  in jec t ion  on the heat t r a n s f e r  t o  a f l a t  surface w a s  
studied the ore t i c a l l y  

The study w a s  made f o r  a Couette flow and f o r  a steady boundary-layer 
flow which w a s  approximated by Rayleigh' s analogy. 

The major approximations involved i n  the  analysis were as follows: 

1. All the  property values were considered t o  be constant except 
d 

the  temperature and the  composition of the  gas. 

2 0  Nitrogen i n  a i r  w a s  assumed t o  be chemically i n e r t  and only the  
oxygen dissociat ion and recombination were consiaered. 

P 
3 
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3. A i r  at the moving p la te  f o r  Couette flow and a t  the  edge of the  
boundary layer  f o r  Rayleigh's problem was assumed t o  be i n  chemical 
equilibrium . 

4. 
l a w  w a s  made. 

A spec ia l  l i n e a r  approximation of the  homogeneous react ion rate 

A closed-form solut ion t o  the  Couette flow and a semiclosed form 
solut ion by perturbation technique t o  the boundary-layer flow were derived 
with the  above-stated approximation. 

For the  Couette flow, the numerical calculat ions of heat t r ans fe r  t o  
the  cooled surface with f i n i t e  ca ta ly t ic  e f f i c i enc ie s  were made f o r  
d i f f e ren t  homogeneous react ion and f lu id  in jec t ion  rates. In  the numeri- 
c a l  calculat ion f o r  the boundary-layer flow, the  cooled surface was  
considered t o  be noncatalytic throughout 

The major r e su l t s  of the  analysis are as follows. 

Couette Flow 

I n  
wIieli e i t h z r  onc of the t w o  reaction r a t e s ,  homogeneous o r  hetero- 

geneous, i s  extremely high, heat t ransfer  is p rac t i ca l ly  independent of 
the other react ion r a t e .  On the other hand, when both of the  react ion 
rates are  of similar magnitude, it is seen t h a t  heat  t r ans fe r  is more 
sens i t ive  t o  spec i f ic  surface reaction r a t e  than the  spec i f ic  gas-phase 
react  ion rate 

The homogeneous and the  heterogeneous react ion r a t e s  are  mainly 
control led by the relaxat ion time and the  spec i f ic  catalyLic recombina- 
t i o n  r a t e ,  respectively,  and they are p rac t i ca l ly  independent of the 
f l u i d  in jec t ion  r a t e  except f o r  the  cases of very low spec i f ic  react ion 
ra tes .  The major ro le  of f l u i d  inject ion i s  therefore  t o  sh ie ld  the  
surface from the conduction of sensible heat and from the  diffusion of 
atoms. 

Boundary-Layer Flow 

. 
For a boundary layer  developing from the  leading edge of a f i n i t e  

p l a t e ,  the  e f f ec t  of the  gas-phase recombination is  t o  r a i s e  the heat 
t r ans fe r  t o  a f i n i t e  p la te  about one-third of t h e  way, a t  the  most, 
toward the equilibrium value from the frozen case. This estimate was 
based on the condition of a i r  at the edge of t he  boundary layer  approx- 
imately corresponding t o  t hz t  at a f l a t  afterbody of a blunt  nosed hyper- 
sonic vehicle.  



The surface ca t a ly t i c  eff ic iency,  on the  other  hand, may increase 
considerably toward the  leading edge since the  surface temperature there  
tends t o  be higher i n  pract ice  and the  ca t a ly t i c  recombination can cause 
the  heat t r ans fe r  t o  approach t h a t  f o r  the  equilibrium value. 

The in jec t ion  of f l u i d  in to  the  boundary layer  decreases the e f f ec t  
of the  gas-phase recombination on the  heat t r ans fe r  f o r  a given relaxa- 
t i on  time and posi t ion along the  surface. It should be remembered here 
t h a t  the relaxat ion time depends considerably on the  temperature i n  
practice.  

Finally,  a l l  the remarks made here must be interpreted only within 
the l imitations imposed on the e n t i r e  work by the  approximations s t a t ed  
previously . A 
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APPENDIX A 

PARAMETERS FOR COUETTE FLOW SOLUTIONS (36) THROUGH ( 3 8 )  

The D ' s  (D2, D,, and D4)  i n  t he  solutions are the  three unequal and 
r e a l  roots of the  algebraic equation 

D3 + AlD2 + A S  + A, = 0 

The other  constants are given as follows: 

8 

A, 
26(8s3 + 4A1B2 + 2A26 + A,) 

A5 = 

B3 = 1 + 8Sc-r1D3 - -r1DS2 

2 B, = 1 + 6Sc-r1D4 t -r1D4 
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The constants C are obtained frez t h e  ?cl.l~-~-:ng sets  ol” i”ow l i n e a r  1 

algebraic equations shown i n  the matrix form: 

For a f i n i t e  Y, 

11 B p D 2  B3eD3 B4eD4 

L 

For extremely large yw 

- 

- 
1 

B4 
D 4  e 

B4eD4 

- 
28- 

1 - A5e 

- B5 
28 

1 - B5e 

- 

28 

28 

1 - A5e 

1 - B5e - 

A 
3 
3 
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GENElRAL SOLUTION OF THE PERTURBED EQUATIONS 

The equations t o  be solved are :  

2 
with the following boundary conditions : 

c 

en,w = 0 

mn,w = o  

The homogeneous equations are : 

11 - I- e ; +  - e *  - nen = o 
4Pr 2 n  

(76) 

(77) 
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The two solutions,  one f o r  each, of the  homogeneous equations (92)  
and (93) are obtained by subs t i tu t ing  the following i n f i n i t e  s e r i e s  i n to  
the appropriate equations 

co 

The solutions of the  homogeneous equations are  expressed by 
%,n( 7) and Hm,n( v ) ,  and are given by the  polynomials (94) and (95) 

n d 

3 

where 

= n(n - l ) ( n  - 2)  . . . ( n  - k + 1) 
"ik 

(94) 
c 

k=i  

where 

- n(n - l ) ( n  - 2)  . . ( n  - k + 1) 
b2k - 

( 2 k ) ! ( A r  4sc 

Now consider a second-order l i nea r  equation, i n  general ,  with a set  of 
homogeneous boundary conditions. * 
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A$(b) + A,R'(b) = 0 1 

I n  the  above equation, R represents a continuous function of the  inde- 
pendent var iable  r ,  and it has continuous f i r s t -  and second-order 
der ivat ives  i n  the in t e rva l  (a,b).  The functions f , f '  , and g are  a l so  
continuous functions of r i n  the  sane in te rva l ,  and f i s  posi t ive.  
In  the  boundary conditions 
are  not both 0, and A, and A, a re  not both 0. Notice t h a t  equation ( B l )  
i s  wr i t ten  i n  the  self-adjoint  form. Let R a  and R-t, be two independent 
solutions of the  homogeneous equation fR" + f ' R '  - gR = 0. Also consider 
tha t  Ra s a t i s f i e s  the  homogeneous boundary condition of (B2a), and 
R-t, t h a t  of (B2b), respectively.  If V ( r )  i s  at least a piecewise con- 
tinuous function of 
function 

A's are  given constants of which A, and A, 

r, then, from the  theory of i n t eg ra l  equations, ' the  

i s  the  complete solut ion of equation (Bl) and it s a t i s f i e s  the  given 
boundary conditions. The symbol 
function and it i s  constructed i n  the following manner: 

G ( r , z )  i n  equation ( B 3 )  i s  a Green's 

where 

r = f(z)[Ra(Z)Ri(Z) - Rk(z)Rb(z)] = constant 

Now returning t o  the present case of equations (76) and (77), we see from 
the  preceding analysis t h a t  the  f i r s t  s t ep  i s  t o  f ind  the  four  l i nea r ly  
independent solut ions,  two for each equation, f o r  the  homogeneous equa- 
t ions  (92) and (93). The solutions must be obtained i n  such a way t h a t  
the  two solutions f o r  8 should sa t i s fy  the  boundary conditions (83) 
and (%), resyect ively7 and the  two f o r  m 
respect ively.  Note tha t  the  boundary conditions f o r  the present case 
are  a l l  homogeneous. 
S e e  references 20 and 21 f o r  the  complete treatment of the  subject.  

. 
should s a t i s f y  (84)  and ( 8 7 ) ,  
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The general solut ions of the homogeneous equations (92)  and (93) a re  
derived by the  use of the known two solutions (94) and (95) as follows: 

where C ' s  a re  the constants of integrat ion.  

The appropriate appl icat ion of the boundary conditions (83) through 
(87) t o  the  above general solutions y ie lds  the four  pa r t i cu la r  solutions 
(100) through (103) i n  such a way t h a t  each par t icu lar  solut ion s a t i s f i e s  
one of the boundary conditions. The expressions an represent the  
par t icular  solutions of equation (92),  and 
t i o n  (93) .  The subscripts w and co r e f e r  t o  the  boundary conditions 
they sa t i s fy  at the  w a l l  and a t  the  outer edge of the  boundary layer ,  
respectively. The expressions an,w and an,co, and Pn,w and PnYco, 
respectively, are  l i nea r ly  independent of each other and it can be proven 
eas i ly  by forming the proper Wronskians and showing t h a t  they do not 
vanish. 

Pn represent those of equa- 

" 

A 
3 

The Green's functions f o r  the present case, Ge,n(q ,z )  and G n ( q , z ) ,  
are  constructed as equations (98) and (99) by use of the  form (€81. 

Finally, the complete solutions t o  the  problem are  derived, i n  
accordance with equation (B3) ,  as equations (96) and (97) .  

There i s  one spec ia l  case f o r  which a minor modification has t o  be 
made. The expression f o r  C, given by equation (104) becomes co when 
kw = v 0 / G  = 0. 
the  usual way. For t h i s  case, however, ' 
t ha t  the solut ion Hm,n( q )  s a t i s f i e s  t h i s  boundary condition. Therefore, 
Hm,n(v) is used instead of 

Therefore, j3n,w(q) f o r  t h i s  case can not be obtained i n  
= 0 from (84),  and it is seen 

Pn,v(q) when kw = v o / P  = 0.  

The in tegra ls ,  I, though straightforward, must be integrated numer- 
i c a l l y  except f o r  n = 1. 
(93) becomes, when 
ence 22. 

The form of the  homogeneous equations (92) and 
n = 1, iden t i ca l  t o  an equation derived i n  re fer -  

1 - R R " ( r )  + L R ' ( r )  - R ( r )  = 0 
Pr 2 
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. 
The two pa r t i cu la r  solutions are found i n  closed form, i n  the  

reference, t o  s a t i s f y  t h e  boundary condition 
respectively.  
grated expressions for 

R(-KJ) = 0 and R(w)  = 0, 
A l i t t l e  manipulation of these solut ions yields  the  in te -  

I o , l ( v )  and Im,i(v) as: 

d z  
v 

2 2 Prz2 o (1 + 2 ~ r z  ) e 

A 
3 
3 and 
3 

L 
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Figure 3.- Velocity profiles for Couette f l o w .  
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